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Discrete Mathematics

1. A positive integer is perfect if it equals the sum of its positive divisors other
than itself.

B (a) (5%) Show that 28 is perfect.
(b) (10%) Show that 2¢~*(2P — 1) is a perfect number when 27 — 1 is prime.

o 2. (15%) Let fi be the k-th Fibonacci number, i.e., fx = fy—1+ fr_a for k > 2 with
initial conditions fy = 0 and f; = 1. Let
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Show that
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= whenever n is a positive integer.

3. (15%) Show that if f is a function from 5 to T where S and T are finite sets and
B m = [l 1] then there are at least m elements of S that are mapped to the same
value of T. That is, show that there are elements s1,52,...,5m of S such that

B f(Sl)—f(Siz):-~-—~fﬁsm)»

4. Let a,, denote the number of bit strings of length n that do not have two consec-
utive O’s. Let A denote the set of bit strings without two consecutive 0’s.

B (a) (5%) Find a recurrence relation for a,.
- (b) (5%) Give initial conditions for a,.
B (c) (10%) Solve the recurrence relation for a,.
(d) (10%) Construct a finite-state automaton M that accepts A.
— 5. The intersection graph of a collection of sets Ay, Aa, ..., A, is the graph that

has a vertex for each of these sets and has an edge connecting the vertices repre-
" senting two sets that have a nonempty intersection.

— (a) (5%) Construct the intersection graph for the following sets: A, = {0,2,4,6},
Ay = {0,1,2,3}, A3 = {1,3,5,7}, Ay = {4,5,6,7}, and As = {0,1,6,7}.

(b) (10%) Determine whether this graph have an euler path or not.

. (10%) Simplify the sum-of-products expansion: ryz + TyZ + xyz + oYz + Tyz +
TYz + TYZ.
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